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A JORDAN-LIKE DECOMPOSITION THEOREM FOR
VALUATIONS ON STAR BODIES
PEDRO TRADACETE AND IGNACIO VILLANUEVA
Abstract. We show that every radial continuous valuation V : Sn0 → R
defined on the n-dimensional star bodies Sn0 , and verifying V ({0}) = 0,
can be decomposed as a sum V = V +−V −, where both V + and V − are
positive radial continuous valuations on Sn0 with V
+({0}) = V −({0}) =
0.
As an application, we show that radial continuous rotationally in-
variant valuations V on Sn0 can be characterized as the applications on
star bodies which can be written as
V (K) =
∫
Sn−1
θ(ρK)dm,
where θ : [0,∞)→ R is a continuous function, ρK is the radial function
associated to K and m is the Lebesgue measure on Sn−1.
This completes recent work of the second named author, where an
analogous result is proved for the case of positive radial continuous ro-
tationally invariant valuations.
1. Introduction
This note is devoted to the study of valuations on star bodies. A valuation
is a function V , defined on a class of sets, with the property that
V (A ∪B) + V (A ∩B) = V (A) + V (B).
As a generalization of the notion of measure, valuations have become a
relevant area of study in Convex Geometry. In fact, this notion played a
critical role in M. Dehn’s solution to Hilbert’s third problem, asking whether
an elementary definition for volume of polytopes was possible. See, for
instance, [10], [11] and the references there included for a broad vision of
the field.
In [7], H. Hadwiger provided a characterization of continuous rotationally
and translationally invariant valuations on convex bodies as linear combina-
tions of the quermassintegrals. In [1], S. Alesker studied the valuations on
convex bodies which are only rotationally invariant.
Valuations on convex bodies belong to the Brunn-Minkowski Theory. This
theory has been extended in several important ways, and in particular, to the
dual Brunn-Minkowski Theory, where convex bodies, Minkowski addition
and Hausdorff metric are replaced by star bodies, radial addition and radial
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metric, respectively. The dual Brunn-Minkowski theory, initiated in [12],
has been broadly developed and successfully applied to several areas, such as
integral geometry, local theory of Banach spaces and geometric tomography
(see [2], [5] for these and other applications). In particular, it played a key
role in the solution of the Busemann-Petty problem [4], [6], [14].
D. A. Klain initiated in [8], [9] the study of rotationally invariant valua-
tions on a certain class of star sets, namely those whose radial function is
n-th power integrable.
In [13], the second named author initiated the study of valuations on star
bodies. In this note we continue this study showing that every continuous
valuation V : Sn0 −→ R on the n-dimensional star bodies can be decomposed
as the difference of two positive continuous valuations.
The precise result is
Theorem 1.1. Let V : Sn0 −→ R be a radial continuous valuation on the
n-dimensional star bodies Sn0 such that V ({0}) = 0. Then, there exist two
radial continuous valuations V +, V − : Sn0 −→ R+ such that V
+({0}) =
V −({0}) = 0 and such that
V = V + − V −.
Moreover, if V is rotationally invariant, so are V + and V −.
With this structural result at hand, the study of continuous valuations
on star bodies reduces to the simpler case of positive continuous valuations.
As an application, we can complete the main result of [13]. In that paper,
positive rotationally invariant continuous valuations V on the star bodies of
R
n, satisfying that V ({0}) = 0 are characterized by an integral representa-
tion as in Corollary 1.2 below. The question of whether a similar description
is valid for the case of real-valued (not necessarily positive or negative) con-
tinuous rotationally invariant valuations was left open.
Now, Theorem 1.1 allows us to give a positive answer to this question:
Corollary 1.2. Let V : Sn0 −→ R be a rotationally invariant radial contin-
uous valuation on the n-dimensional star bodies Sn0 . Then, there exists a
continuous function θ : [0,∞) −→ R such that, for every K ∈ Sn0 ,
V (K) =
∫
Sn−1
θ(ρK(t))dm(t),
where ρK is the radial function of K and m is the Lebesgue measure on S
n−1
normalized so that m(Sn−1) = 1.
Conversely, let θ : R+ −→ R be a continuous function. Then the applica-
tion V : Sn0 −→ R given by
V (K) =
∫
Sn−1
θ(ρK(t))dm(t)
is a radial continuous rotationally invariant valuation.
As in [13], the function θ in Corollary 1.2 is nothing but θ(λ) = V (λSn−1).
The rest of the paper is structured as follows: In Section 2 we describe
our notation and some known facts that we will need. In Section 3 we prove
Theorem 1.1 and Corollary 1.2
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2. Notation and known facts
A set L ⊂ Rn is a star set if it contains the origin and every line through 0
that meets L does so in a (possibly degenerate) line segment. Let Sn denote
the set of the star sets of Rn.
Given L ∈ Sn, we define its radial function ρL by
ρL(t) = sup{c ≥ 0 : ct ∈ L},
for each t ∈ Rn. Clearly, radial functions are completely characterized by
their restriction to Sn−1, the euclidean unit sphere in Rn, so from now on
we consider them defined on Sn−1.
A star set L is called a star body if ρL is continuous. Conversely, given a
positive continuous function f : Sn−1 −→ R+ = [0,∞) there exists a star
body Lf such that f is the radial function of Lf . We denote by S
n
0 the set
of n-dimensional star bodies and we denote by C(Sn−1)+ the set of positive
continuous functions on Sn−1.
Given two sets K,L ∈ Sn, we define their radial sum as the star set K+˜L
whose radial function is ρK+ρL. Note that K+˜L ∈ S
n
0 whenever K,L ∈ S
n
0 .
The dual analog for the Hausdorff metric of convex bodies is the so called
radial metric, which is defined by
δ(K,L) = inf{λ ≥ 0 : K ⊂ L+˜λBn, L ⊂ K+˜λBn},
where Bn denotes the euclidean unit ball of R
n. It is easy to check that
δ(K,L) = ‖ρK − ρL‖∞.
An application V : Sn0 −→ R is a valuation if for any K,L ∈ S
n
0 ,
V (K ∪ L) + V (K ∩ L) = V (K) + V (L).
It is clear that a linear combination of valuations is a valuation.
Given two functions f1, f2 ∈ C(S
n−1)+, we denote their maximum and
minimum by
(f1 ∨ f2)(t) = max{f1(t), f2(t)},
(f1 ∧ f2)(t) = min{f1(t), f2(t)}.
Given two star bodies K,L, both K ∪ L and K ∩ L are star bodies, and
it is easy to see that
ρK∪L = ρK ∨ ρL, ρK∩L = ρK ∧ ρL.
With this notation, a valuation V : Sn0 → R induces a function V˜ :
C(Sn−1)+ → R given by
V˜ (f) = V (Lf ),
where Lf is the star body whose radial function satisfies ρLf = f . If V is
continuous, then V˜ is continuous with respect to the ‖·‖∞ norm in C(S
n−1)+
and satisfies
V˜ (f) + V˜ (g) = V˜ (f ∨ g) + V˜ (f ∧ g)
for every f, g ∈ C(Sn−1)+. Conversely, every such function V˜ induces a
radial continuous valuation on Sn0 .
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Given A ⊂ Sn−1, we denote the closure of A by A. Given a function
f : Sn−1 −→ R, we define the support of f by
supp(f) = {t ∈ Sn−1 such that f(t) 6= 0},
and for any set G ⊂ Sn−1, we will write f ≺ G if supp(f) ⊂ G. Throughout,
1 : Sn−1 −→ R denotes the function constantly equal to 1.
For completeness, we state now a result of [13] which will be needed later.
Lemma 2.1. [13, Lemmata 3.3 and 3.4] Let {Gi : i ∈ I} be a family of
open subsets of Sn−1. Let G = ∪i∈IGi. Then, for every i ∈ I there exists a
function ϕi : G −→ [0, 1] continuous in G verifying ϕi ≺ Gi and such that∨
i∈I ϕi = 1 in G. Moreover, let f ∈ C(S
n−1)+ verify f ≺ G. Then, for
every i ∈ I, the function fi = ϕif belongs to C(S
n−1)+. Also, fi ≺ Gi and∨
i∈I fi = f . In particular, for every i ∈ I, 0 ≤ fi ≤ f .
3. The results
To prove Theorem 1.1 we will need to control the maximum value of V
on certain sets. The first step in this direction is to show that V is bounded
on bounded sets:
We say that a valuation V : Sn0 −→ R is bounded on bounded sets if for
every λ > 0 there exists a real number K > 0 such that, for every star body
L ⊂ λBn, |V (L)| ≤ K.
Equivalently, V is bounded on bounded sets if for every λ > 0 there exists
K > 0 such that for every f ∈ C(Sn−1)+ with ‖f‖∞ ≤ λ we have V˜ (f) ≤ K.
Lemma 3.1. Every radial continuous valuation V : Sn0 −→ R is bounded
on bounded sets.
Proof. We reason by contradiction. If the result is not true, there exists
λ > 0 and a sequence (fi)i∈N ⊂ C(S
n−1)+, with ‖fi‖∞ ≤ λ for every i ∈ N
and such that |V˜ (fi)| → +∞.
Consider the function
θ : R+ −→ R
defined by
θ(c) = V˜ (c1 ).
The continuity of V˜ implies that θ is continuous. Therefore, θ is uniformly
continuous on [0, λ]. In particular, it is bounded on that interval. Therefore,
there exists M > 0 such that, for every c ∈ [0, λ],
|V˜ (c1 )| ≤M.
We define inductively two sequences (aj)j∈N, (bj)j∈N ⊂ R
+: Define first
a0 = 0, b0 = λ. Consider c0 =
a0+b0
2
.
We note that
V˜ (fi ∨ c01 ) + V˜ (fi ∧ c01 ) = V˜ (fi) + V˜ (c01 ).
Since |V˜ (c01 )| ≤ M and |V˜ (fi)| → +∞, we know that there must exist
an infinite set M1 ⊂ N such that for i ∈ M1 either |V˜ (fi ∨ c01 )| → +∞
or |V˜ (fi ∧ c01 )| → +∞ as i grows to ∞. In the first case, we set a1 = c0,
b1 = λ and f
1
i = fi∨ c01 . In the second case, we set a1 = 0 and b1 = c0 and
f1i = fi ∧ c01 . Now we define c1 =
a1+b1
2
and proceed similarly.
DECOMPOSITION OF VALUATIONS 5
Inductively, we construct two sequences (aj), (bj) ⊂ R
+, a decreasing
sequence of infinite subsets Mj ⊂ N, and sequences (f
j
i )i∈Mj ⊂ C(S
n−1)+
such that, for every j ∈ N,
|aj − bj | =
λ
2j
,
and for every i ∈Mj , for every t ∈ S
n−1,
aj ≤ f
j
i (t) ≤ bj,
and with the property that
lim
i→∞
|V˜ (f ji )| = +∞.
Passing to a further subsequence we may assume without loss of generality
that, for every i ∈ N,
|V˜ (f ii )| ≥ i.
Call d = limi ai. If we consider now the sequence (f
i
i )i∈N ⊂ C(S
n−1)+,
we have that
‖f ii − d1 ‖∞ → 0
but
|V˜ (f ii )| ≥ i,
in contradiction to the continuity of V˜ at d1 .

We thank the anonymous referee of [13] for suggesting a procedure very
similar to this as an alternative reasoning to show a statement in that paper.
In the rest of this note we will repeatedly use the fact that Sn−1 is a
compact metric space. We will write d to denote the euclidean metric in
Sn−1.
We need to define an additional concept for our next result:
Given any set A ⊂ Sn−1, and ω > 0, let us consider the outer parallel
band around A defined by
Aω = {t ∈ S
n−1 : 0 < d(t, A) < ω}.
Note that, for every A ⊂ Sn−1 and ω > 0, Aω is an open set.
In our next result we use the fact that V is bounded on bounded sets to
control V on these bands. In [3] these outer parallel bands are called rims,
and they are used for similar purposes to ours.
Lemma 3.2. Let V : Sn0 → R be a radial continuous valuation. Let A ⊂
Sn−1 be any set and λ ∈ R+.
lim
ω→0
sup{|V˜ (f)| : f ≺ Aω, ‖f‖∞ ≤ λ} = 0.
Proof. We reason by contradiction. Suppose the result is not true. Then
there exist A ⊂ Sn−1, λ ∈ R+, ǫ > 0, a sequence (ωi)i∈N ⊂ R and a sequence
(fi)i∈N ⊂ C(S
n−1)+ such that limi→N ωi = 0 and, for every i ∈ N,
• ωi > 0
• fi ≺ Aωi
• ‖fi‖∞ ≤ λ
• |V˜ (fi)| ≥ ǫ.
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Therefore, there exists an infinite subset I ⊂ N such that either V˜ (fi) > ǫ
for every i ∈ I or V˜ (fi) < ǫ for every i ∈ I. So, we assume without loss
of generality that V˜ (fi) > ǫ for every i ∈ I. The case V˜ (fi) < ǫ is totally
analogous.
Consider f1. Using the continuity of V˜ at f1, we get the existence of δ > 0
such that for every g ∈ C(Sn−1)+ with ‖f − g‖∞ < δ,
|V˜ (f)− V˜ (g)| ≤
ǫ
2
.
Since f1 is uniformly continuous and f1(t) = 0 for every t ∈ A ⊂
Sn−1\Aω1 , there exists 0 < ρ < ω1 such that, for every t ∈ S
n−1 with
d(t, A) < ρ, f1(t) < δ. We consider the disjoint closed sets
C1 = {t ∈ S
n−1 : d(t, A) ≤
ρ
2
}
and
C2 = f
−1
1 ([δ, λ]) .
By Urysohn’s Lemma, we can consider a continuous function ψ1 with ψ1|C1 =
0, ψ1|C2 = 1 and 0 ≤ ψ1(t) ≤ 1 for every t ∈ S
n−1. We consider now the
function ψ1f1 ∈ C(S
n−1)+. On the one hand, ‖f1 − ψ1f1‖∞ ≤ δ and,
therefore,
|V˜ (ψ1f1)| ≥
∣∣∣|V˜ (f1)| − |V˜ (f1)− V˜ (ψ1f1)|
∣∣∣ > ǫ− ǫ
2
=
ǫ
2
.
On the other hand, ψ1f1 ≺ Aω1\A ρ
2
. Now, we can choose ωi2 <
ρ
2
and we
can reason similarly as above with the function fi2 .
Inductively, we construct a sequence of functions (ψjfij)j∈N ⊂ C(S
n−1)+
with disjoint support such that V˜ (ψjfij) >
ǫ
2
. Noting that
V˜

∨
j
ψjfij

 =∑
j
V˜ (ψjfij),
and that
‖
∨
j
ψjfij‖∞ ≤ λ,
we get a contradiction with the fact that V is bounded on bounded sets. 
Now we can prove Theorem 1.1.
Proof of Theorem 1.1. Let V : Sn0 −→ R be as in the hypothesis. For every
f ∈ C(Sn−1)+, we define
V˜ +(f) = sup{V˜ (g) : 0 ≤ g ≤ f},
and we consider the application V˜ : Sn0 −→ R defined by V
+(K) = V˜ +(ρK).
Assume for the moment that V + is a radial continuous valuation. In that
case, the result follows easily:
First we note that it follows from V˜ (0) = 0 that V +({0}) = 0 and that,
for every f ∈ C(Sn−1)+, one has V˜ +(f) ≥ 0. Therefore, V +(K) ≥ 0 for
every K ∈ Sn0 .
We define next V − = V +−V . Clearly, V − is a radial continuous valuation
and V −({0}) = 0.
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By the definition of V +, it follows that, for everyK ∈ Sn0 , one has V (K) ≤
V +(K). Thus, V −(K) ≥ 0.
Now, trivially
V = V + − V −.
In addition, if V is rotationally invariant, then clearly V + and V − are so.
Therefore, we will finish if we show that V + is a radial continuous valua-
tion. Let us prove it.
First, we see that it is a valuation. Let f1, f2 ∈ C(S
n−1)+. We have to
check that
(1) V˜ +(f1 ∨ f2) + V˜
+(f1 ∧ f2) = V˜
+(f1) + V˜
+(f2).
Fix ǫ > 0. We choose 0 ≤ g1 ≤ f1 such that V˜
+(f1) ≤ V˜ (g1) + ǫ, and
0 ≤ g2 ≤ f2 such that V˜
+(f2) ≤ V˜ (g2) + ǫ.
Then,
V˜ +(f1) + V˜
+(f2) ≤ V˜ (g1) + V˜ (g2) + 2ǫ = V˜ (g1 ∨ g2) + V˜ (g1 ∧ g2) + 2ǫ ≤
≤ V˜ +(f1 ∨ f2) + V˜
+(f1 ∧ f2) + 2ǫ,
where the last inequality follows from the fact that 0 ≤ g1 ∨ g2 ≤ f1 ∨ f2,
0 ≤ g1 ∧ g2 ≤ f1 ∧ f2. Since ǫ > 0 was arbitrary, this proves one of the
inequalities in (1).
For the other one, fix again ǫ > 0. We choose 0 ≤ g ≤ f1 ∨ f2 such that
V˜ +(f1∨f2) ≤ V˜ (g)+ǫ, and 0 ≤ h ≤ f1∧f2 such that V˜
+(f1∧f2) ≤ V˜ (h)+ǫ.
Let us consider the sets
A = {t ∈ Sn−1 : f1(t) ≥ f2(t)}
and
B = {t ∈ Sn−1 : f1(t) < f2(t)}.
Let λ = ‖f1 ∨ f2‖∞. According to Lemma 3.2, there exists ω1 > 0 such
that, for every f ≺ Aω1 with ‖f‖∞ ≤ λ we have |V˜ (f)| ≤ ǫ.
Since V˜ is continuous at g, there exists δ > 0 such that, |V˜ (g)− V˜ (g′)| < ǫ
for every g′ such that ‖g − g′‖∞ < δ. We define g
′ = (g − δ
2
) ∨ 0. Then, for
every t ∈ A, it follows that
g′(t) = max
{
g(t)−
δ
2
, 0
}
≤ g(t) ≤ (f1 ∨ f2)(t) = f1(t).
Now, we can apply the uniform continuity of g′ and f1 to find ω2 such
that for every t, s ∈ Sn−1, if |t − s| < ω2, then |f1(t) − f1(s)| < δ/4 and
|g′(t) − g′(s)| < δ/4. In particular, this implies that for every t ∈ Aω2 ,
g′(t) ≤ f1(t).
Let ω = min{ω1, ω2}, and let
J(A,ω) = A ∪Aω
be the open ω-outer parallel of the closed set A. Note that Sn−1 = J(A,ω)∪
B, where both J(A,ω) and B are open sets. Moreover, we clearly have
J(A,ω) ∩B = Aω.
We consider the functions ϕ1 ≺ J(A,ω), ϕ2 ≺ B associated to the de-
composition Sn−1 = J(A,ω) ∪B by Lemma 2.1. Then ϕ1 ∨ ϕ2 = 1 . Let us
define g′1 = ϕ1g
′, g′2 = ϕ2g
′, h1 = ϕ1h, h2 = ϕ2h as in Lemma 2.1.
A simple verification yields
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• g′ = g′1 ∨ g
′
2, h = h1 ∨ h2,
• g′1 ∧ g
′
2 ≺ Aω, h1 ∧ h2 ≺ Aω,
• g′1 ∧ h2 ≺ Aω, h1 ∧ g
′
2 ≺ Aω,
• 0 ≤ g′1 ∨ h2 ≤ f1,
• 0 ≤ g′2 ∨ h1 ≤ f2.
Therefore, we get
V˜ +(f1 ∨ f2) + V˜
+(f1 ∧ f2) ≤ V˜ (g) + V˜ (h) + 2ǫ ≤ V˜ (g
′) + V˜ (h) + 3ǫ
= V˜ (g′1) + V˜ (g
′
2)− V˜ (g
′
1 ∧ g
′
2) + V˜ (h1) + V˜ (h2)− V˜ (h1 ∧ h2) + 3ǫ
≤ V˜ (g′1) + V˜ (h2) + V˜ (g
′
2) + V˜ (h1) + 5ǫ
= V˜ (g′1 ∨ h2) + V˜ (g
′
1 ∧ h2) + V˜ (g
′
2 ∨ h1) + V˜ (g
′
2 ∧ h1) + 5ǫ
≤ V˜ (g′1 ∨ h2) + V˜ (g
′
2 ∨ h1) + 7ǫ ≤ V˜
+(f1) + V˜
+(f2) + 7ǫ.
Again, since ǫ > 0 was arbitrary, this finishes the proof of (1).
Let us see now that V˜ + is continuous. Let us consider f0 ∈ C(S
n−1)+
and take ǫ > 0. There exists g0 ∈ C(S
n−1)+ with 0 ≤ g0 ≤ f0 such that
V˜ +(f0) ≤ V˜ (g0) + ǫ.
Since V˜ is continuous at f0 and g0, there exists δ > 0 such that for
every f, g ∈ C(Sn−1)+ with ‖f0 − f‖∞ < δ and ‖g0 − g‖ < δ, we have
|V˜ (f0)− V˜ (f)| < ǫ and |V˜ (g0)− V˜ (g)| < ǫ.
Let now f ∈ C(Sn−1)+ be such that ‖f0 − f‖∞ < δ. Pick g ∈ C(S
n−1)+
with 0 ≤ g ≤ f such that V˜ +(f) ≤ V˜ (g) + ǫ.
Note that ‖g0 ∧ f − g0‖ < δ and ‖g ∨ f0 − f0‖ < δ. Then, we have
V˜ +(f) ≥ V˜ (g0 ∧ f) ≥ V˜ (g0)− ǫ ≥ V˜
+(f0)− 2ǫ,
and
V˜ +(f) ≤ V˜ (g) + ǫ = V˜ (g ∧ f0) + V˜ (g ∨ f0)− V˜ (f0) + ǫ
≤ V˜ (g ∧ f0) + |V˜ (g ∨ f0)− V˜ (f0)|+ ǫ ≤ V˜
+(f0) + 2ǫ.
Hence,
|V˜ +(f0)− V˜
+(f)| < 2ǫ
and V˜ + is continuous as claimed.

Remark 3.3. The same proof shows that every continuous “valuation” V˜ :
C(K) −→ R, where K is a metrizable compact space, can be written as a
difference of two positive continuous valuations.
The proof of Corollary 1.2 is now immediate.
Proof of Corollary 1.2. Let V : Sn0 −→ R be a rotationally invariant radial
continuous valuation. We decompose it as V = V + − V − as in Theorem
1.1. According to [13, Theorem 1.1], there exist two continuous functions
θ+, θ− : [0,∞) −→ R such that, for every K ∈ Sn0 ,
V (K) = V +(K)−V −(K) =
∫
Sn−1
θ+(ρK(t))dm(t)−
∫
Sn−1
θ−(ρK(t))dm(t).
We define now θ = θ+ − θ− and the first part of the result follows.
The converse statement had already been proved in [13, Theorem 1.1] (for
that implication, the positivity is not needed). 
DECOMPOSITION OF VALUATIONS 9
References
[1] S. Alesker, Continuous rotation invariant valuations on convex sets, Ann. of Math.
149 (1999), 977–1005.
[2] P. Dulio, R. J. Gardner, and C. Peri, Characterizing the dual mixed volume via
additive functionals, Indiana Univ. Math. J. 65 (2016), 69–91.
[3] N. A. Friedman, M. Katz, A representation theorem for additive functionals. Arch.
Rational Mech. Anal. 21 (1966), 49–57.
[4] R. J. Gardner, A positive answer to the Busemann-Petty problem in three dimensions,
Ann. of Math. (2) 140 (1994), 435–447.
[5] R. J. Gardner, Geometric Tomography, second edition, Encyclopedia of Mathematics
and its Applications, vol. 58, Cambridge University Press, Cambridge, 2006.
[6] R. J. Gardner, A. Koldobsky, T. Schlumprecht, An analytical solution to the
Busemann-Petty problem on sections of convex bodies, Ann. of Math. (2) 149 (1999)
691–703.
[7] H. Hadwiger, Vorlesungen uber Inhalt, Oberflache und Isoperimetrie, Springer-Verlag,
New York, 1957.
[8] D. A. Klain, Star Valuations and Dual Mixed Volumes, Adv. Math. 121 (1996), 80–
101.
[9] D. A. Klain, Invariant Valuations on Star-Shaped Sets, Adv. Math. 125 (1997), 95–
113.
[10] M. Ludwig, Intersection bodies and valuations, American Journal of Mathematics,
128 (2006), 1409–1428.
[11] M. Ludwig, M. Reitzner, A classification of SL(n) invariant valuations, Ann. of Math.
172 (2010), 1219–1267.
[12] E. Lutwak, Dual Mixed volumes, Pacific J. Math 58 (1975), 531–538.
[13] I. Villanueva, Radial continuous rotation invariant valuations on star bodies. Adv.
Math. 291 (2016), 961–981.
[14] G. Zhang, A positive answer to the Busemann-Petty problem in four dimensions,
Ann. of Math. (2) 149 (1999) 535–543.
Mathematics Department, Universidad Carlos III de Madrid, 28911 Legane´s
(Madrid). Spain.
E-mail address: ptradace@math.uc3m.es
Departamento de Ana´lisis Matema´tico, Facultad de Matema´ticas, Univer-
sidad Complutense de Madrid, Madrid 28040
E-mail address: ignaciov@mat.ucm.es
